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Abstrat
The new property of minimal surfaes is obtained in this artile. We derive the equations of ∆−reurrent and
∆−harmoni surfaes in E3 and prove that eah minimal surfae is ∆−reurrent one with eigenvalue ϕ = 2K, where
K is Gaussian urvature of surfae. We onlude that eah minimal surfae in E3 satises the equation ∆b = 2Kb
and obtain that eah ∆−harmoni minimal surfae is a plane E2 ⊂ E3 or its part.
Introdution
Let F 2 be a smooth two-dimensional surfae in the three-dimensional Eulidean spae E3, g be the indued
Riemmanian metri on F 2, ∇ be the Riemmanian onnetion on F 2, determined by g, b be the seond
fundamental form, ∇ be the Van der Varden  Bortolotti ovariant derivative, ∆ be the Laplas operator.
Denition 1 . The seond fundamental form b is alled harmoni if ∆b ≡ 0 on F 2.
Theorem 1 . If minimal surfae F 2 in E3 has harmoni seond fundamental form then F 2 is a plane
E2 ⊂ E3 or its part.
Example 1. Straight round ylinder F 2 is a ∆−harmoni surfae in E3 (see [1℄), i.e. ∆b ≡ 0 on F 2.
Denition 2 . Surfae F 2 in E3 is alled ∆−reurrent with eigenvalue ϕ, if the funtion ϕ on F 2 satises
the ondition
∆b = ϕb.
Denition 3 . Surfae F 2 in E3 is alled ∆−harmoni, if the seond fundamental form b satises the
ondition
∆b = 0.
Theorem 2 . Eah minimal surfae F 2 in E3 is ∆−reurrent with eigenvalue ϕ = 2K, where K is the
Gaussian urvature of surfae.
1 Equations of ∆−reurrent and ∆−harmoni surfaes in E3
Let x be an arbitrary point of F 2, (x1, x2, x3) be the Cartesian oordinates in E3, (u1, u2) be the loal
oordinates on F 2 in some neighborhood U(x) of the point x. Then F 2 is given loally by the vetor
equation
~r = ~r(u1, u2) = {x1(u1, u2), x2(u1, u2), x3(u1, u2)},
where
rg
∥∥∥∥∂x
a
∂ui
∥∥∥∥ = 2 , ∀y ∈ U(x).
Let us x a point x ∈ F 2 and introdue the isothermal oordinates (u1, u2) in some nighborhood U(x)
on F 2. Then the indued metri is g = A(u1, u2)((du1)2 + (du2)2).
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Then
g11 = g22 =
1
A
, g12 = 0.
We derive the Christoel symbols:
Γ111 = Γ
2
12 = −Γ122 =
1
2A
∂1A, Γ
1
12 = Γ
2
22 = −Γ211 =
1
2A
∂2A.
Putting B = (lnA)/2, we have:
Γ111 = Γ
2
12 = −Γ122 = ∂1B, Γ112 = Γ222 = −Γ211 = ∂2B.
We denote by {~n} the eld of unit normal vetors in the normal bundle T⊥F 2 in U(x): ~n = ~n(u1, u2),
< ~n, ~n >= 1, where <,> is salar produt in E3. Let bij =< ∂
2
ij~r, ~n > be the oeients of the seond
fundamental form b =< d2~r, ~n >= bijdu
iduj . The ovariant derivatives ∇ibjk are
∇ibjk = ∂ibjk − Γmij bmk − Γmikbjm.
The Laplas operator omponents ∆b in U(x) are (see [2℄):
(∆b)ij = g
kl∇k∇lbij .
Sine the normal onnetion of F 2 in E3 is planar, we have in oordinates (u1, u2):
A(∆b)ij = ∇1∇1bij +∇2∇2bij .
We obtain ∇ibjk:
∇1b11 = ∂1b11 − 2b11∂1B + 2b12∂2B,
∇1b12 = ∂1b12 − 2b12∂1B + b22∂2B − b11∂2B,
∇1b22 = ∂1b22 − 2b12∂2B − 2b22∂1B,
∇2b11 = ∂2b11 − 2b11∂2B − 2b12∂1B,
∇2b12 = ∂2b12 − 2b12∂2B − b22∂1B + b11∂1B,
∇2b22 = ∂2b22 + 2b12∂1B − 2b22∂2B.
The Gauss equation is:
b11b22 − b212 = −
A
2
∆ lnA. (1)
The Peterson-Codai equation system, written in oordinates (u1, u2), is:
∂2b11 − ∂1b12 = (b11 + b22)∂2B, (2)
∂1b22 − ∂2b12 = (b11 + b22)∂1B. (3)
Let us denote ∆ebij = ∂
2
11bij + ∂
2
22bij , ∆B = ∂
2
11B + ∂
2
22B. Using the equations (2) and (3) we have:
A(∆b)11 = ∆
eb11 − 2b11∆B − 4(∂1b11 + ∂1b22)∂1B + 2(b11 + b22)(3(∂1B)2 − (∂2B)2),
A(∆b)12 = ∆
eb12 − 2b12∆B − 2(∂1b11 + ∂1b22)∂2B − 2(∂2b11 + ∂2b22)∂1B+
+8(b11 + b22)∂1B∂2B,
A(∆b)22 = ∆
eb22 − 2b22∆B − 4(∂2b11 + ∂2b22)∂2B + 2(b11 + b22)(3(∂2B)2 − (∂1B)2).
Putting u = b11 + b22, we obtain:
A(∆b)11 = ∆
eb11 − 2b11∆B − 4∂1B∂1u+ 2u(3(∂1B)2 − (∂2B)2),
2
A(∆b)12 = ∆
eb12 − 2b12∆B − 2∂1B∂2u− 2∂2B∂1u+ 8u∂1B∂2B,
A(∆b)22 = ∆
eb22 − 2b22∆B − 4∂2B∂2u+ 2u(3(∂2B)2 − (∂1B)2). (4)
The surfae F 2 in E3, by the denition, is ∆−reurrent with eigenvalue ϕ if the funtion ϕ satises the
ondition
(∆b)ij = ϕbij , i, j = 1, 2,
whih is equal to the following equation system:
∆eb11 − 2b11∆B − 4∂1B∂1u+ 2u(3(∂1B)2 − (∂2B)2) = Aϕb11,
∆eb12 − 2b12∆B − 2∂1B∂2u− 2∂2B∂1u+ 8u∂1B∂2B = Aϕb12,
∆eb22 − 2b22∆B − 4∂2B∂2u+ 2u(3(∂2B)2 − (∂1B)2) = Aϕb22. (5)
The equation system (1)  (3), (5) determines ∆−reurrent surfaes F 2 in E3.
The equality ∆b ≡ 0 on F 2 in E3 is equivalent to the following equation system:
1) ∆eb11 − 2b11∆B − 4∂1B∂1u+ 2u(3(∂1B)2 − (∂2B)2) = 0,
2) ∆eb12 − 2b12∆B − 2∂1B∂2u− 2∂2B∂1u+ 8u∂1B∂2B = 0,
3) ∆eb22 − 2b22∆B − 4∂2B∂2u+ 2u(3(∂2B)2 − (∂1B)2) = 0. (6)
The equation system (1)  (3), (6) determines ∆−harmoni surfaes F 2 in E3.
2 ∆−harmoni minimal surfaes
Proof of the theorem 1. Using the ondition on the mean urvature H ≡ 0, we have u = b11 + b22 = 0. Then
the equation system (2) and (3) is:
∂1b12 = ∂2b11, ∂2b12 = ∂1b22.
Therefore,
∂222b11 = ∂
2
11b22, ∂
2
11b12 + ∂
2
22b12 = ∂
2
21b11 + ∂
2
12b22. (7)
Using (7), we derive:
∆eb11 = ∂
2
11b11 + ∂
2
22b11 = ∂
2
11b11 + ∂
2
11b22 = ∂
2
11u = 0,
∆eb12 = ∂
2
11b12 + ∂
2
22b12 = ∂
2
21b11 + ∂
2
12b22 = ∂
2
12u = 0,
∆eb22 = ∂
2
11b22 + ∂
2
22b22 = ∂
2
22b11 + ∂
2
22b22 = ∂
2
22u = 0. (8)
Using (8), we obtain from the equation system (6):
b11∆B = 0, b12∆B = 0, b22∆B = 0.
Hene,
(b11b22 − b212)(∆B)2 = 0. (9)
Using the equation (1), we obtain from the equation (9):(
−A
2
∆ lnA
)
(∆B)
2
= 0.
Consequently, (∆B)3 = 0. Hene, ∆B = 0 in U(x) and
K = − 1
2A
∆(lnA) = −∆B
A
= 0.
Therefore, the equations
K = 0, H = 0
are valid in U(x) on F 2.
Hene, U(x) is an open part of a plane E2 ⊂ E3.
The theorem 1 is proved.
3
3 ∆−reurrene of the seond fundamental form of
minimal surfaes
Proof of the theorem 2. From the ondition u = b11 + b22 = 0 we have, that the equation system (8) is valid
in U(x). Using (8), we have from (4):
A(∆b)11 = −2b11∆B, A(∆b)12 = −2b12∆B, A(∆b)22 = −2b22∆B.
Therefore, observing −∆B = AK, we derive:
(∆b)11 = 2Kb11, (∆b)12 = 2Kb12, (∆b)22 = 2Kb22.
Let us put ϕ = 2K.
Therefore, the equation ∆b = ϕb, where ϕ = 2K, is valid in U(x) ⊂ F 2.
The theorem 2 is proved.
Example 2. Let the surfae F 2 is given loally by the vetor equation:
~r = {x1 − 43 (x1)3 + 4(x1)(x2)2, x2 − 43 (x2)3 + 4(x1)2(x2), 2(x1)2 − 2(x2)2}
Hene, g11 = (4(x
1)2 + 4(x2)2 + 1)2, g22 = g11, g12 = g21 = 0,
g11 = 1
g11
, g22 = g11, g12 = g21 = 0.
The unit normal vetor:
~n = {−16(x1)(x2)2−4(x1)−16(x1)3
g11
, 4(x
2)+16(x1)2(x2)+16(x2)3
g11
, 1−32(x
1)2(x2)2−16(x1)4−16(x2)4
g11
}
b11 = 4, b22 = −4, b12 = b21 = 0.
Therefore, the mean urvature H = 0 and the Gaussian urvature K = −16(g11)2 .
The ovariant derivatives:
∇1b11 = − 64(x
1)√
g11
, ∇2b12 = ∇2b21 = ∇1b22 = −∇1b11
∇2b11 = − 64(x
2)√
g11
, ∇1b21 = ∇1b12 = −∇2b22 = ∇2b11
∇2∇1b11 = 3584(x
1)(x2)
g11
,
∇1∇2b11 = ∇1∇1b12 = ∇2∇2b12 = ∇1∇1b21 =
−∇2∇2b21 = −∇2∇1b22 = −∇1∇2b22 = ∇2∇1b11.
∇1∇1b11 = 64(−28(x
2)2−1+28(x1)2)
g11
,
∇1∇2b12 = ∇1∇2b21 = ∇1∇1b22 = −∇1∇1b11.
∇2∇2b11 = − 64(−28(x
2)2+1+28(x1)2)
g11
,
∇2∇1b12 = ∇2∇1b21 = −∇2∇2b22 = ∇2∇2b11.
(∆b)11 = − 128(g11)2 , (∆b)22 = −(∆b)11, (∆b)12 = 0, (∆b)21 = 0.
Therefore, we have ∆b = 2Kb.
Example 3. Let the surfae F 2 is given loally by the vetor equation:
~r = {x2 cos(x1), x2 sin(x1), x1}
g11 = 1 + (x
2)2, g22 = 1, g12 = g21 = 0.
g11 = 11+(x2)2 , g
22 = 1, g12 = g21 = 0.
The unit normal vetor:
~n = {− sin(x1)√
1+(x2)2
, cos(x
1)√
1+(x2)2
, −x
2√
1+(x2)2
}
4
b11 = b22 = 0, b12 = b21 =
1√
1+(x2)2
.
Therefore, the mean urvature H = 0 and the Gaussian urvature K = − 1(1+(x2)2)2 .
The ovariant derivatives:
∇1b11 = 2(x
2)√
1+(x2)2
,
∇2b11 = ∇1b12 = ∇1b21 = ∇2b22 = 0
∇2b12 = ∇2b21 = ∇1b22 = −2x2√
(1+(x2)2)3
.
∇1∇1b11 = ∇2∇2b11 = ∇2∇1b12 = ∇1∇2b12 = ∇2∇1b21 = ∇1∇2b21 = ∇1∇1b22 = ∇2∇2b22 = 0.
∇1∇2b11 = ∇1∇1b12 = ∇1∇1b21 = −∇1∇2b22 = − 6(x
2)2√
(1+(x2)2)3
.
∇2∇1b11 = − 2(−1+3(x
2)2)√
(1+(x2)2)3
∇2∇2b12 = ∇2∇2b21 = ∇2∇1b22 = 2(−1+3(x
2)2)√
(1+(x2)2)5
.
(∆b)12 = − 2√
(1+(x2)2)5
, (∆b)21 = (∆b)12, (∆b)11 = 0, (∆b)22 = 0.
Therefore, we have ∆b = 2Kb.
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